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Instead of removing a vertex or an edge from a hypergraph H, one may add to 
some edges of Z-Z new vertices (not necessarily belonging to V,.,). The weak 
chromatic number of H tends to drop by this operation. This suggests the definition 
of an order relation > on the set s” of all Sperner hypergraphs on a universal set V 
of vertices. The corresponding criticality study leads to unifying and interesting 
results: reconstruction of critical hypergraphs and two general characterizations of 
k-chromatic critical hypergraphs (k > 3), from which a special characterization of 
3-chromatic critical hypergraphs can be derived. 
There have been many studies on critical graphs in relation to the 
chromatic number. Following the pioneering works of Dirac, we can see, for 
example, in [4, 5, 71 some results concerning vertex-critical or edge-critical 
graphs. Even though many constructions of critical graphs are available, the 
problem of characterizing critical k-chromatic graphs is very hard for k 2 4. 
A similar study can be carried out in the more general context of 
hypergraphs [6, 81. But the characterization of critical hypergraphs remains 
a hard question even for k = 3. 
The author examines here the structure of hypergraphs with respect to the 
weak chromatic number, and is led to a very natural preorder for which the 
chromatic number is an increasing function. This preorder is defined by 
H < H’ when every edge of H contains an edge of H’. If one chooses a 
universal vertex set V and considers the set 2’ of all hypergraphs H with 
VH c V, the preorder becomes an order on the subset Y of Sperner 
hypergraphs on V. This order is an extension of the orders corresponding to 
the concepts of vertex- and edge-criticality. 
But we must mention a particular feature, namely: if H < H’, then the 
vertex sets VH and VHt are generally incomparable with respect to inclusion. 
So, from a purely technical point of view, we have to consider two kinds of 
criticality: A hypergraph H is said to be locally critical whenever H’ < H 
and VH, E VH implies x(H’) < x(H), while H is said to be critical when 
H’ < H (only) implies x(H’) < x(H). 
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In fact, a locally critical hypergraph is critical as long as the weak 
chromatic number is at least 3, so that the two concepts of criticality are the 
same. 
The main results of the paper are now: 
A k-chromatic critical hypergraph H (for k > 3) is reconstructible from 
any one of the H, (H, is the hypergraph H in which we remove one vertex x 
and all edges containing x). 
Two characterizations of k-chromatic critical hypergraphs H (k > 3) 
are given. The first is in terms of the chromatic block hypergraphs pX of H,; 
the second by removing the vertices of any edge of H and all edges adjacent 
to them, the weak chromatic number drops from k to k - 2. 
From this last theorem, we can deduce a characterization of 3-chromatic 
critical hypergraphs as those hypergraphs with at least two vertices for 
which the set of edges is equal to the set of minimal transversals of the edges. 
1. INTRODUCTION TO A NEW CRITICALITY STUDY 
1.1. The set H of “all” hypergraphs and the weak chromatic number 
A simple finite hypergraph H may be considered as a finite set of finite 
sets: H = {e,, e2 ,..., e,}, where the ei are called the edges of H and 
VH = u:= 1 e, is called the vertex-set of H. We allow in the definition the 
limit cases H = 0 or e, = 0. 
If we need to consider “all” finite hypergraphs, we can choose an infinite 
countable set V = {v;, v2 ,..., v, ,... } (the universal vertex-set) and consider all 
hypergraphs whose vertex-set is a finite subset of V. We denote by A? this set 
of “aZZ” hypergraphs. In the sequel all hypergraphs will be chosen to be in 
AY. 
Of course, Z is partially ordered by G, has a minimum 0 and no 
maximum. 
Let k be a positive integer. We recall that H E A? is k-colorable if there 
exists a map 71: V-+ { 1, 2,..., k} (a k-coloring of H) such that 
Ve[e E H * 1 z(e)1 > 21. 
[For a set S, 1 S] denotes the cardinality of S.] 
With this definition, it may happen that a hypergraph is never k-colorable 
for any k. Such hypergraphs (called singular) are precisely those for which 
3e e E H and ]e] < 1 (in other words hypergraphs with an empty or singleton 
edge). Except for these, all are k-colorable for some k (if H is not empty we 
330 C.BENZAKEN 
can choose k=JVHI and if H=a then k= 1 agrees with the definition). So 
we can define the weak chromatic number x(H) of H) as 
The least integer k such that H is k-colorable (when H is not singular); 
oo if H is singular. 
Note that x(H) = l- H = 0. 
Let H = {e, , e2 ,..., e,} be a hypergraph and a: V-P V any map. We define 
aH= { aer 9 ae2 ,-, ae,) 
as a reduction of H (possibly isomorphic to H). It is obvious that x(H) < 
x(aH) because, for any k-coloring 7t of aH, 710 a is a k-coloring of H. 
But by a reduction of H we may get a singular hypergraph H’ (and we 
will if H is singular). This strengthens the reason why x(H’) = 00 when H’ is 
singular. 
1.2. The subset Y of “alP Sperner hypergraphs as a partially ordered set 
Critical hypergraphs. It is clear that if e and e’ are two edges of a 
hypergraph H such that e’ E e, then the deletion of e from H results in a 
hypergraph with the same weak chromatic number as H. We denote by oH 
the hypergraph obtained from H by keeping only the minimal edges of H 
(with respect to inclusion). oH is a Sperner hypergraph (i.e., the edges are 
incomparable with respect to inclusion) and has the same weak chromatic 
number as H. 
We define an equivalence relation of R’ by H G H’ edef oH = aH’ [so 
that H = H’ 3 x(H) = x(H’)]. The quotient of OY by this equivalence is 
canonically identified with the subset 9 of all Sperner hypergraphs of 2’. 
This equivalence on Z may be formulated (without using O) as H = H’ * 
(Ye E H, 3e’ E H’, e 2 e’) and (Ve’ E H’, 3e E H, e’ 2 e). 
It is obvious, then, that this equivalence is the one associated with the 
following preorder relation on 2Y 
def H<H’- (Ve E H, 3e’ E H’, e 2 e’), 
which becomes an order relation on Y. 
With respect to this order relation, it is clear that 9 has a minimum 0 
and a maximum {a}, called the bounds of Y. Though it has no consequence 
for the sequel, we must mention that 9’ under this order <, is the free 
distributive lattice with bounds, generated by V. Concerning the weak 
chromatic number, we have the following 
PROPOSITION 1. The weak chromatic number is an increasing map x 
from the partially ordered set 9’ to the totally ordered set N V CO. 
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ProoJ Clearly if H, H’ E 9 with H < H’, then if H is singular so is H’. 
Now if H’ is k-colorable and z a k-coloring of H’, for every e E H, there 
exists e’ E H’ with e I e’ so that rre 1 ne’ and 1 ne) > j7te’ I>/ 2. So H is k- 
colorable and x(H) < x(H’). 1 
In the sequel, all hypergraphs are supposed to belong to 9. 
We define now a critical hypergraph H as one such that, for every 
hypergraph H’ 
H’ < H * x(H’) < x(H). 
We recall that an edge-critical hypergraph H is one such that 
H’ c H * x(H’) < x(H). 
The first question we may ask is: Which of these notions of criticability is 
interesting? The following (informal) arguments may lead one to prefer the 
first one: 
(a) The order Q in Y extends the inclusion order s (in other words 
HE H’ 3 H < H’) so that every critical hypergraph is edge-critical. The 
converse is false. For example, an odd cycle H (a graph) of five vertices is 
edge-critical in 9’. The complete 3-uniform hypergraph H’ on these five 
vertices is such that x(H’) =x(H) and H’ < H. So H is not critical. 
Therefore, the class of critical hypergraphs is smaller and maybe easier to 
characterize. However we must mention that the restriction of < to the set of 
k-uniform hypergraphs (with k fixed) coincides with the inclusion order (in 
particular, in the case of graphs). This explains why the new criticality 
concept does not arise in a natural way for graphs and seems more suitable 
for general hypergraphs. 
(b) The order < is dense. Suppose H < H’; this means either H c H’ and 
so 3e’ E H’\H or 3e’ E H’, 3e E H, e 1 e’. In both cases, if we augment the 
edge e’ by a new vertex x (X @ VH U VH,) and we add this new edge to H, we 
get a hypergraph G in 9 with H c G < H’. This density property allows us 
to modify a hypergraph H in a smoother way than by removing an edge 
from H, which seems to be a drastic piece of surgery. 
Nevertheless, by this density property, there exists an infinity of 
hypergraphs G with G < H provided H f 0. So, we must provisionally 
define a ZocaZly critical hypergraph H as one such that, for every hypergraph 
H’, 
[H’ < H and VH, G VH] * x(H’) < x(H). 
Of course, a critical hypergraph is locally critical. But if we consider the 
hypergraph H = {S} with I S 1 > 2 then H is 2-chromatic, locally critical but 
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not critical. This means that there exist non-critical, 2-chromatic 
hypergraphs. 
What happens, now, with k-chromatic hypergraphs (k > 3)? 
LEMMA 1. If H, G are hypergraphs with H < G and if G has two or 
more edges, then there exists a hypergraph H, with: H, < G, VH, E VG and 
X(K) 2 X(H)* 
Proof. If VH E Vc take H, = H. Otherwise put 2 = VH\V, and choose 
z E VV,. Define a map: a: V + V which acts as the identity on V except 
for the fact that a2 = {z}; let H, be a(aH). It is obvious that x(H,) > x(H) 
and H, < aG = G. But we cannot have G Q H,, otherwise any edge f of G 
would contain an edge e of H,-, with z @Z e so that e E H and this would prove 
that G < H (a contradiction). Thus H, < G and G has an edge E which 
contains no edge of H,. 
G is Sperner and has two edges at least. So E # Vc and we can choose 
y E VG\&. By means of the map p: V -+ V, which acts as identity except for 
the fact that j?z = y, we define H, = @HO), which now satisfies the con- 
clusion. 
(1) yH, s Vc obviously. 
(2) H, is a reduction of H,. So x(H,) > x(H,) > x(H). 
(3) H, < G because every edge ,of H, either does not contain y and 
belongs to Ho, or contains y and comes from an edge (containing z) in H, 
[this last containing an edge (without z) in G]. Moreover G f H, because of 
&. I 
PROPOSITION 2. If the hypergraph G satis-es 3 <x(G) < OD and is 
locally critical, then it is critical. 
Proof. G must have at least two edges (otherwise x(G) = 2). If H < G, 
by Lemma 1, we can find H, with: yH, c Vc, x(H) < x(H,) and H, < G. The 
local criticality of G implies x(H,) < x(G). So x(H) < x(G). i 
2. THE MAIN RESULTS 
2.1. Preliminary notation 
It will be convenient to denote a finite subset {x, y, z,..., t} of V by the 
multiplicative notation xyz .aa t. 
Given a hypergraph H and x one of its vertices, we denote by H, the 
hypergraph whose edges are all edges of H not containing x. The hypergraph 
H\H, has all its edges containing x, so that by deleting x we get a 
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hypergraph Q,. With our multiplicative convention (factorizing X) we get the 
formula 
H=xQ,uH,. 
The hypergraph H, will be called the remainder of H by x. 
More generally, if S is a subset of V, we denote by Hs the hypergraph 
whose edges are those of H which are included in v\S. We note that S may 
be neither included in VH not finite. In fact Hs = Hsnv,. The hypergraph Hs 
is called the remainder of G by S. 
Clearly H < H’ 3 Hs < Hk. 
2.2. The chromatic block-hypergraph R” of a non singular hypergraph R 
DEFINITION 1. A chromatic block of a k-chromatic hypergraph R 
(2 < k < co) is a subset B of VR such that there exists a k-coloring z 
v-+ { 1, 2,..., k} of R with B = VR n z-‘(i) for a suitable i E { 1, 2 ,..., k}. 
In other words B is a chromatic block of R iff B is a stable set in R (i.e., 
contains no edge of R) and x(RB) = x(R) - 1. 
DEFINITION 2. Let R be a k-chromatic hypergraph (2 < k < 00). We 
define the chromatic block-hypergraph R” of R, as the hypergraph whose 
edges are all minimal chromatic blocks of R. 
Examples and remarks 
(1) The graph R which is a cycle on five vertices VR = {a, b, c, d, e} has 
the following chromatic block-hypergraph: R” = {{a}, {b}, {c}, {d}, {e}}. 
(2) Graph R (Fig. 1) has the chromatic block-hypergraph 
R”= {{a}, {b}, {c}}. 
This example shows that sometimes VRO c VR . 
(3) If R is critical (J(R) > 3) then R” = {{x} )x E VR}. 
(4) No edge of R” contains an edge of R (because it is a stable set in R). 




PROPOSITION 3. Let R, G be hypergraphs such that x(R) =x(G) = k 
(2<k< CO). Then 
Proof. Let s be an edge of Go; s contains no edge of G and G, is (k - l)- 
chromatic. Since R, < G, it follows that x(R,) < k - 1. But R, = R, with 
t = VR n s; t contains no edge e of R, otherwise s 2 t 2 e and e 2 g (g E G) 
and s would contain an edge of G (a contradiction). Thus R, is (k - l)- 
chromatic (otherwise x(R,) < k - 1 so that by coloring t with one more color 
x(R) < k). Thus t is a chromatic block of R and therefore contains u E R”. 
So s=>tzu, and we have G”<Ro. i 
2.3. A reconstruction theorem for critical hypergraphs 
THEOREM 1. Let R be a (non-singular) hypergraph with x(R) = k - 1 
(k > 3). The finite set @ of hypergraphs H with one more vertex x (x sf VR) 
and satisfying x(H) = k and H, = R has a minimum G with respect to < 
(i.e., G < H for all H E 6). Moreover we have G = xR” U R. 
Proof No edge xe of xR” contains an edge of R, so Vc = {x} U VR. 
Clearly x(G) = k - 1 or x(G) = k. The first equality is impossible, otherwise 
we could consider a k - 1 partition {xX,, X2 ,..., Xk- I ) of Vc into chromatic 
blocks of G. But X, f 0, otherwise x(R) < k - 2. So {X, , X, ,..., Xk- 1} is a 
k - 1 partition of VR into chromatic blocks of R and X, 2 s with s E R”. So 
xX, 2 xs (a contradiction since xs E xR” is an edge of G). 
Consider now H E @. We can write H = xX U R. We claim R” < K. If 
this is not the case, e E R” contains no edge of K (and of H). Take a k - 1 
partition {e, X, , X2 ,..., XkP2} of VR, into chromatic blocks of R (this is 
possible since e E R”) and define the k - 1 partition {xe, X, ,..., Xkez} of V*; 
no Xi contains an edge of H, and the same is true of xe (otherwise e would 
contain an edge of K). This last partition defines a k - 1 coloring of H, and 
so x(H) < k - 1 (a contradiction to H E @). 1 
THEOREM 2. For k > 3 any k-chromatic critical hypergraph H is 
reconstructible from any one of its remainders Hx (x E VH). 
ProoJ From x(H) = k and x(H,) = k - 1 it follows (by Theorem 1) that 
x(H,)O U H, < H. But x(x(H,)‘U H,) = k and, by criticality, H = 
x(H,)’ u H,. 1 
2.4. Two characterizations of critical hypergraphs 
THEOREM 3. A k-chromatic hypergraph H (k > 3) is critical lJ’ 
QxE VH H = x(H,)’ u Hx. 
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ProoJ The necessity is obvious from Theorem 2. 
Suflciency. Let d, = x(H,). Then, since X(H) = k = d, + 1 (by Theorem 
1 ), all d, are equal to k - 1. 
Let us suppose F < H. We shall prove that x(F) < k. By Lemma 1, we 
may assume that VF c VH. 
If x(F) = k then VF = VH (otherwise F < H, for some x & VF and x(F) < 
k - 1). So, for each x E VF, put F = xQ, U FX. Clearly FX < H, and x(F,) = 
k - 1. Therefore (F,)’ < Q, by Theorem 1. Moreover since F, < H,, it 
follows that H”, < F”, by Proposition 3. Thus H”, < Q, and xZ9’j < xQ,, and 
The left-hand side contains all edges of H and is equal to H. The right-hand 
side contains all edges of F and is equal to F. Thus H < F (a 
contradiction). [ 
Further remarks 
Theorem 3 is not true if we change the condition (Vlx E VH, 
H = x(H,)’ U HJ to a weaker one: for some X, H = x(H,)’ U H,. For 
example, the 4-chromatic graph H (Fig. 1) is such that H = a(H,)’ U Ha and 
is not critical. We can derive now a more combinatorial variant of this last 
theorem. 
THEOREM 4. Let H be a non-singular hypergraph such that 
x(H) > k > 3. Then H is k-chromatic and critical ifs: 
VeEH, x(H,) = k - 2. 




Theorem 3, so that H, can be k - 1 colored in such a way that e - {x} is a 
chromatic block of H,. This means that x(H,) = k - 2 k(He) < k - 2 would 
imply x(H) < k). 
SufJlciency. First, we prove that x(H,) = k - 1 for every x E VH (this 
implies x(H,) = k - 1 and x(H) = k). Indeed, consider e E H with x E e. We 
put e = XE with x @Z E. We have the following decomposition: H = 
XQ U H’ U H,, where XQ denotes the subset of all edges of H containing X, 
H’ denotes all edges of H which have a non-empty intersection with E and do 
not contain X. Clearly every edge of H’ has at least one vertex which is not 
in e (because H is Sperner). By hypothesis we can k - 2 color H, with 71: 
v+ { 1, 2,..., k - 2). So define 71’: V+ { 1,2 ,..., k - 1) by n’(u) = X(O) if v & E 
and z’(v) = k - 1 otherwise. Clearly 71’ is a k - 1 coloring of H’ U H, = H,. 
Moreover c: contains a chromatic block of H,. Now, for any x E VH put 
H = xQX U Hx. Let E be any edge of Q,. By considering e = xe as before, we 
have E 2 E’ with E’ E flX. So Q, Q H”,. But x(H,) = k - 1 and x(H) = k. 
Therefore Q, > H”, by Theorem 1. Thus Q, = H”, for every x E VH, and H = 
xHo,uH,. 1 
This last theorem, in the case of graphs, leads to the following conjecture: 
“The k-clique is the unique k-chromatic critical graph or, equivalently, is the 
unique graph whose chromatic number drops from k to k - 2 upon the 
deletion of any two adjacent vertices.” 
This is a special case of a conjecture of Lovasz posed in the problem 
section of “Theory of Graphs. Proceedings of the Colloquium held at 
Tihany, Hungary 1966” P. Erdiis and G. Katona, Eds.). 
2.5. The case of 3-chromatic hypergraphs 
We recall that a transversal of a hypergraph H is a subset t of VH such 
that 
Ve E H, ent#0. 
If we denote by TH the Sperner hypergraph of all minimal transversals of 
H, we have the following: 
LEMMA 2. The hypergraph H satisfies x(H) 2 3 iff TH < H. 
Proof. Necessity : The case of singular hypergraphs is obvious. If 
x(H) < 00 and t is a transversal of H containing no edge of H then { VH\t, t} 
is a 2-partition of VH which defines a 2-coloring of H. 
Suflciency: If TH < H, then x(H) # 1 (because T0 = (0)) and x(H) # 2 
(otherwise a chromatic block t’ of H would be a transversal of H containing 
no edge of H). 1 
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FIGURE 3 
We may derive, therefore, 
THEOREM 5. A hypergraph H with 1 VJ > 1 is 3-chromatic and critical 
lg it is ipsotransversal (H = *H). 
ProoJ Necessity: By Lemma 2, *H < H since x(H) = 3. But, since 
x(H,) = 1 for every edge e of H, it follows that H, = 0 and that e is a 
transversal of H containing a minimal one. So H < *H and H = *H. 
SuJWency: If *H = H, then x(H) > 3. But 1 VHI > 1, so H is non- 
singular (a singleton edge x of H is a transversal of H iff VH = {x}). 
Similarly, from *H = H, we deduce H, = 0 for every edge of H (i.e., 
x(H,) = 1). Hence by Theorem 4, H is 3-chromatic and critical. 1 
For example, the hyphergraph of the lines of the Fano configuration (the 
projective plane of order two) is ipso-transversal, as we can see from Fig. 3. 
This (3-uniform) hypergraph is both 3-chromatic and critical. 
3. CONCLUSIONS AND OTHER QUESTIONS 
From the above results it seems that the new criticality concept may give 
rise to a fruitful theory. We can deduce other results such as: given two 
disjoint hypergraphs H, G [i.e., VH n Vc = 01, the hypergraph 
HuGu {xy;x~ VH, YE vc} 
is critical iff H and G are (locally) critical. In the same way, the complete k- 
uniform hypergraph on n vertices (2 < k < n) is critical iff n = 1 mod(k - 1). 
Other results concerning disjoint composition of hypergraphs [2] may also 
be stated. 
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There are, of course, other problems. For example, what condition on a 
(k - 1 )-chromatic hypergraph K is necessary and sufficient in order that 
xK” LJ K be critical? When k = 3, the answer is known: any two edges of K 
must have a non-empty intersection (proof omitted). The author attempted to 
generalize this condition for k > 3. He did not succeed and has only partial 
results. 
In any case, the recognition of criticality, if algorithmically possible from 
the above results, will remain a highly complex problem. 
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